Abstract. In this paper we define what is called a quasi-Reinhardt domain and study biholomorphisms between such domains. We show that all biholomorphisms between two bounded quasi-Reinhardt domains fixing the origin are polynomial mappings and we give a uniform upper bound for the degree of such polynomial mappings. In particular, we generalize the classical Cartan's Linearity Theorem for circular domains to quasi-Reinhardt domains.
Introduction
Let T r = (S 1 ) r be the torus group of dimension r ≥ 1. Let ρ : T r → GL(n, C) be a holomorphic linear action of T r on C n such that O(C n ) ρ = C, where O(C n ) ρ is the algebra of ρ-invariant holomorphic functions on C n .
Definition 1.1. A domain D ⊂ C n is called a quasi-Reinhardt domain of rank r with respect to ρ if D is ρ-invariant.
Note that quasi-Reinhardt domains of rank one are quasi-circular domains, which include circular domains as a special case. And quasi-Reinhardt domains of rank n are Reinhardt domains.
The classical Cartan's Linearity Theorem says that any biholomorphism between two bounded circular domains fixing the origin is linear (see e.g. [3, 6] ). In [5] , Kaup showed that any automorphism of a bounded quasi-circular domain fixing the origin is polynomial. This result was later generalized to more general settings by Heinzner in [4] . In [8, 9] , Yamamori gave sufficient conditions for automorphisms of a bounded quasi-circular domain fixing the origin to be linear. In [7] , the second named author introduced the so-called resonance order and quasi-resonance order for quasi-circular domains and gave a uniform upper bound for the degree of automorphisms of a bounded quasi-circular domain fixing the origin. In particular, a generalization of Cartan's Linearity Theorem was obtained for quasi-circular domains.
The aim of this paper is to generalize the results for automorphisms of bounded quasi-circular domains obtained in [7] to biholomorphisms between bounded quasiReinhardt domains. Our main result is the following Theorem 1.1. Let ρ (resp. ρ ′ ) be a holomorphic linear action of T r (resp. T s ) on C n , with all ρ-invariant (resp. ρ ′ -invariant) holomorphic functions on C n being constant. Let D and D ′ be two bounded quasi-Reinhardt domains with respect to ρ and ρ ′ respectively, containing the origin. Let f = (f 1 , · · · , f n ) be a biholomorphism between D and D ′ fixing the origin. Then f is a polynomial mapping with degree less than or equal to the quasi-resonance order of ρ and ρ ′ . More precisely, each f i (1 ≤ i ≤ n) is a polynomial with degree less than or equal to the i-th quasi-resonance order of ρ and ρ ′ .
Throughout this paper, we only consider bounded domains containing the origin. The plan of this paper is as follows. In Section 2, we recall some basic facts from the representation theory of compact Lie groups. In Section 3, we establish the important fact that a biholomorphism between two bounded quasi-Reinhardt domains has constant Jacobian determinant. In Section 4, we consider the unitary representation on H 2 (D) induced by ρ, where H 2 (D) is the space of square integrable holomorphic functions on a bounded quasi-Reinhardt domain. In particular, we show that any minimal closed subspace of H 2 (D) which contains all irreducible submodules of H 2 (D) with the same character is finite dimensional. Using this fact, in Section 5 we define the resonance order and the quasi-resonance order for quasi-Reinhardt domains and prove Theorem 1.1. Finally in Section 6, we give a more detailed discussion on several spacial cases of our main result.
The representations of compact Lie groups
For the convenience of the reader and for setting up notations, we briefly recall some basics on the representation theory of compact Lie groups. For more detailed information, see e.g. [2] .
Let K be a compact Lie group. A unitary representation of K is a Hilbert space V with a continuous linear action ρ :
Let ρ : K × V → V be a finite dimensional representation of K. The character of the representation is the function χ on K defined by χ(g) = trace(ρ(g)). Two finite dimensional representations are isomorphic if and only if their characters are equal. A function on K is called a character of K if it is the character of some representation of K. A character of K is called irreducible if it corresponds to an irreducible representation. We denote byK the set of all irreducible characters of K. It is known that any irreducible unitary representation of a compact Lie group must be of finite dimension.
Let V be a unitary representation of K. Let χ be an irreducible character of K. Let V χ be the minimal closed subspace of V that contains all irreducible submodules of V whose character are χ. Then V χ ⊥V χ ′ for χ = χ ′ and V can be decomposed as
where means Hilbert direct sum. If χ is a character of K, then it can be uniquely decomposed as χ = m 1 χ 1 + · · · + m k χ, where m i are positive integers and χ i are distinct irreducible characters of K. We denote V χ the subspace
For χ ∈K, the orthogonal projection p χ from V to V χ associated to the decomposition (2.1) can be constructed explicitly as follows:
where dg is the Haar measure on K, and dimχ is the dimension of the representation associated to χ. For example, if χ 0 is the trivial irreducible character of K, namely χ 0 ≡ 1, then V χ0 = V K is the subspace of V consisting of K-invariant vectors, and the projection p χ0 from V to V K is given by the averaging v → K ρ(g)vdg.
The Jacobian of Biholomorphisms between invariant domains
Let K and K ′ be two compact Lie groups. Let ρ : K → C n and ρ
The aim of this section is to prove the following We first prove the following
Proof. For an irreducible character χ of K, let V χ be the minimal closed subspace of H 2 (D) which contains all irreducible K-submodules with character χ. By the assumption and Lemma 3.2, we have V χ0 = CI D , where χ 0 is the trivial character.
Since we have the following orthogonal decomposition
it suffices to prove that CI D ⊥V χ for any nontrivial irreducible character χ of K. Let P ∈ V χ . We write P = P 0 + P ′ with P 0 ∈ CI D and P ′ ∈ M D . By (2.2), we have
Since the action of K on D fixes the origin, by comparing the coefficients on both sides of the second equality in (3.1), it is easy to see that p χ (P 0 ) = P 0 and p χ (P ′ ) = P ′ . So we have P 0 , P ′ ∈ V χ , which is impossible if P 0 = 0, since V χ0 ⊥V χ . So we have P = P ′ ∈ V χ and P ⊥V χ0 .
We now prove Proposition 3.1.
Proof. Assume f : D → D ′ is a biholomorphism with f (0) = 0. Let u and U be the Jacobian determinant of f and F := f −1 respectively. By a standard argument using the change of variables formula, we have 
4.
Torus actions on C n and Quasi-Reinhardt domains 
We have
and H 2 (D) = k∈Z r V k . Note that from Lemma 3.2 we have V 0 = C. There exist unique a i = (a i1 , · · · , a ir ) ∈ Z r , 1 ≤ i ≤ n, and a corresponding coordinate system z = (z 1 , · · · , z n ), such that the representation ρ can be written as
Denote by A the n × r matrix formed by a i , 1 ≤ i ≤ n. Then we have rankA = r. Denote by N the set of non-negative integers. Proof. By (4.2), we need to show that for each k ∈ Z r , the following system
has only finitely many solutions α = (α 1 , α 2 , · · · , α n ) ∈ N n . Note that α = 0 is the unique solution of (4.3) if k = 0 since V 0 = C.
We argue by contradiction. Assume
is an infinite sequence of distinct solutions of (4.3). Then we have |α
If α j l → ∞ as j → ∞ for all l = 1, · · · , n, then we can find some j 0 ≫ 1 such that α j0 l − α 1 l > 0 for l = 1, · · · , n. Then α j0 − α 1 ∈ N n is a nonzero solution of (4.3) with k = 0, which is a contradiction. Now assume that some components of α j remain uniformly bounded as j → ∞. Without loss of generality, we can assume that α 
As argued above, this implies that the homogeneous system associated to (4.4), and hence the homogeneous system associated to (4.3) have nonzero solutions in N n0 and N n respectively. This contradiction completes the proof.
Remark 4.1. From the proof of Proposition 4.1, we see that dimV k < ∞ for all k ∈ Z r is indeed equivalent to V 0 = C.
Biholomorphisms between quasi-Reinhardt domains
For any k ∈ Z r , we know by Proposition 4.1 that V k consists of finitely many polynomials. Let d k (resp. D k ) be the minimum (resp. maximum) of the degrees of elements in V k . It is clear that d k = 0 if and only if k = 0, and
The resonance order of ρ is defined as
A more explicit description can be given as follows. For 1 ≤ i ≤ n, define the i-th resonance set as
and the i-th resonance order as
Then, define the resonance set as
and the resonance order as
Note that µ i and µ ρ are determined uniquely by a i 's as given in (4.2). Let ρ ′ be a linear action of
be a bounded quasi-Reinhardt domain with respect to ρ ′ and 0 ∈ D ′ . Then all definitions for ρ carry over to ρ ′ . We call
the quasi-resonance set of ρ and ρ ′ ,
the quasi-resonance space of ρ and ρ ′ , and
the quasi-resonance order of ρ and ρ ′ . More explicitly, for 1 ≤ i ≤ n, define the i-th quasi-resonance set of ρ and ρ ′ as
}, the i-th quasi-resonance space of ρ and ρ ′ as
and the i-th quasi-resonance order of ρ and ρ ′ as
Then the quasi-resonance order is just
When ρ = ρ ′ , we will drop ρ ′ from the subscript of all the above notations.
′ be a biholomorphism fixing the origin. Let u and U be the Jacobian of f and F = f −1 respectively. By Proposition 3.1, we know that both u and U are constants. By (3.2), we have for ϕ ∈ H 2 (D) and 1 ′ such that the degree of f is less than or equal to the quasi-resonance order of ρ and ρ ′ .
In the special case that µ ρ = µ ρ ′ = 1, it is clear that ν ρρ ′ = 1. Hence, we have the following generalization of the classical Cartan's Linearity Theorem. 
One readily checks that Ω k is a quasi-circular domain with weight (1, k) for each k. Hence for each k, φ k gives a biholomorphic map between a quasi-Reinhardt domain of rank two and a quasi-Reinhardt domain of rank one.
In view of the above example and Theorem 1.1, we define the maximal rank of a quasi-Reinhardt domain D to be the maximum of the ranks of all the quasiReinhardt domains biholomorphic to D.
Two special cases of the main theorem
In this section, we consider two special cases of Theorem 1.1.
6.1. Biholomorphisms between quasi-circular domains. Let ρ and ρ ′ be two holomorphic linear actions of
Let D and D ′ be two bounded quasi-circular domains containing the origin in C n with respect to ρ and ρ ′ respectively. For any k ∈ N, it is easy to see that
. Hence, the quasi-resonance order ν ρρ ′ of ρ and ρ ′ satisfies the estimate
By Theorem 1.1, we have There is no simple explicit formula for ν i in terms of the weights a i , i = 1, · · · , n, as given in (4.2). On the other hand, if all a ij are nonnegative, a rough estimate of ν iρ can be given as follows. 
Therefore, for k ∈ K i , we have
The proposition then follows from Theorem 6.2.
Remark 6.1. Even in the case discussed in Proposition 6.4, Theorem 6.2 is stronger than Proposition 6.4 and hence Proposition 6.4 and Corollary 6.1 are far from optimal. For example, consider the action of S 1 on C 2 given by ρ(e iθ )(z 1 , z 2 ) = (e im1θ z 1 , e im2θ z 2 ), with m 2 > m 1 > 1 and gcd(m 1 , m 2 ) = 1. Then the bound on degf given by Theorem 6.2 is one and hence f is a linear map. But the bound given by Proposition 6.4 is very big if m 2 ≫ m 1 .
